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We study the Higgs potential of the next-to-minimal renormalizable SUSY SO(IO) GUT with 
120h Higgs representation on top of the "standard" minimal model Higgs sector spanning over 
IOh, 126h ffi 126h, 210h. All the GUT-scale Higgs sector mass matrices for the 592 Higgs states 
of the model are written down in detail with all the conventions fully specified. The consistency of 
the results is checked by the decoupling of 120h and independently by the analysis of the relevant 
Goldstone modes. The matching of the Yukawa sector sum-rules driving the matter fermion masses 
QQ ' and mixing at the level of the effective theory is described thoroughly. 
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OO , The idea of grand unification Jj is one of the simplest and very powerful strategies of extending the Standard 
Model (SM) of the elementary particle interactions and the grand- unified theories (GUTs), though most of them 

,.£^ formulated already in 1970's, receive still a lot of attention of the high energy physics community. Apart from 

i^ accounting for all the Standard Model phenomena within a unified picture (accommodating the plethora of the SM 

Qh^ multiplets into just a few irreducible representation of the unified gauge group G D SU{i)c ® SU{2)l ® U{1)y) 

(— I ' the GUTs typically provide answers to the questions the Standard theory is incapable to answer, like e.g. the 

'— ' ■ hypercharge quantization or the hierarchy of the gauge (and some of the Yukawa) couplings at the electroweak 

fvj , scale. On top of that, GUTs generally predict distinctive new phenomena like proton decay, nucleon-antinucleon 

^ ' oscillations, monopole production in the early stage of the universe evolution etc., which makes these frameworks 

_. ■ potentially testable and thus physical [21 ■ 

i^ \ One of the most popular grand-unified frameworks is based on the 5*0(10) gauge group jj] which is assumed to 

• ■ govern physics at very high scales (typically above 10^® GeV) providing for the the Standard Model dynamics once 

r-^ the GUT symmetries get spontaneously broken. Perhaps the main virtue of the 50(10) models is that all the SM 

OO matter fermions of each generation resides in a 16-dimensional spinorial multiplet IBp, which, however, contains the 

^7^ SM singlet playing the role of the right-handed neutrino, it is then very natural that small neutrino masses J4l| are 

^ • generated by means of some variant of the seesaw mechanisrnja . Furthermore, as a rank-5 group, 50(10) admits 

^^ ■ several different symmetry breaking patterns (see e.g. [a, [Zl, Isl, Isl] ) , which is a feature that renders these theories 



JH ', slightly more flexible than the other popular scenarios based on the 5C/(5) gauge symmetry 10[, alleviating to 



some degree the problems with proton decay (see e.g. [Illll2l|) generically emerging in the supersymmetric (SUSY) 
5'C7(5) models. 

Recently, a lot of attention has been attracted to the class of SUSY 50(10) models [13[ with large Higgs 
representations, in particular those with a 5-index antisymmetric tensor in the Higgs sector (decomposing under 
parity into 126h ® 126h) which (together with the 'traditional' IOh) provides an option to construct a tightly 
constrained, yet potentially realistic, effective SM Yukawa sector at the renormalizable level [ISlllJI- The relevant 
superpotential Wy — 16f/io16f10h + 16f/y26-'-^f126h contains only a pair of unknown (symmetric) Yukawa 
matrices which subsequently give rise to all the SM Yukawa couplings in terms of simple linear combinations of /lo 
and /y26- Since, on top of that, the Majorana masses of neutrinos are governed by the same structure (/i26)> this 
class of models features a high degree of predictivity for the SM flavour, in particular the quark and lepton masses 



and mixings 15 1 



Subsequently, the simplest variants of this framework have been scrutinized in great detail 15|, ll6| . It was even 



argued that the model with IOh ffi 126h © 126h © 210h in the Higgs sector and the three matter families residing 
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in three copies of 16f of 5*0(10) is indeed the minimal potentially realistic supersymmetric GUT (MSGUT) with 
only 26 (real) parameters driving the MSSM physics (up to the soft SUSY-breaking sector) [14] and an automate 
i?-parity as a direct consequence of the B — L symmetry breakdown by means of 126h 126h |19|. Moreover, 
it was observed that in case of a dominant triplet contribution in the seesaw formula for the neutrino masses, 
there is a natural case for the maximality of the atmospheric mixing in the lepton sector due to the GUT-scale 
h- and r- Yukawa coupling convergence j2(|. On top of that, a generic tendency for a somewhat larger 13 mixing 
in the lepton sector (JC/rsI ^ 0.1) has been observed, providing a clear experimental signal within the reach of the 
near-future facilities |2l| . This, of course, triggered an enormous boost to the field with tens of papers concerning 
various aspects of the model, like e.g. proton decay llj, effective Yukawa sector [15|, gauge coupling unification 



etc. 



However, the real breakthrough came in 2004 with the study by Bajc, Melfo, Senjanovic and Vissani 2lM (preceded 



by [23[ accounting for some partial results) providing a complete analysis of the Higgs potential of the minimal 
model, deriving in particular the mass matrices of all the SM components of the 472-dimensional Higgs sector in 
terms of the parameters of the underlying S'O(IO) lagrangian. With the extra information at hand it was possible 
to improve the existing analyses to such a degree a tension between the minimal theory and observation has been 



revealed [2J, |25|, |26| . It was argued that the need for a relatively low singlet Majorana neutrino mass scale (of the 
order of 10^^"^'* GeV) in order to satisfy the absolute neutrino mass constraints is indeed in clash with the fits of 
the effective Yukawa sector sum-rules. Basically, the trouble stems from the dual role of the 126h multiplet in the 



Yukawa sector: the need for the B — L breakdown close to the GUT-scale (Mq) which is mandatory [22] in order 
to prevent the Higgs sector thresholds from spoiling gauge-coupling unification requires a relatively small Yukawa 
coupling of 126h which is typically at odds with the second generation SM matter hierarchy. 

Perhaps the most conservative extension of the minimal model^ that could alleviate this tension, yet retaining a 
significant amount of its predictive power, consists in invoking an extra 120-dimensional three-index antisymmetric 
tensor in the Higgs sector 29|, |30|, |31 1 . Such a scenario, sometimes called 'the next-to minimal SUSY 50(10)' (or 



'new minimal SUSY 50(10)', NMSGUT [31|) has the appealing feature of accounting for all three possible types of 
renormalizable couplings the matter bilinear 16f.16f can potentially develop (recall that 16(8)16 = 10©126©120) 
and the price to be paid for the extra multiplet can be acceptable - the Yukawa coupling of 120h is antisymmetric 
and thus the minimal model Yukawa sector predictivity is challenged in a minimal way. With an extra set of 
couplings in the game, the effective SM Yukawa sum-rules are altered, which provides an option to account for the 
second generation hierarchies by means of the Yukawa of 120h while keeping /j^g relatively free to deal with the 



MSGUT neutrino mass scale problem [3l| . Since the full description of the SM quark and lepton masses based on 
the interplay of the IOh and 120h only seems troublesome [S^l, the subleading effects from 126h deferred almost 
entirely for the sake of the neutrino sector can be just the right cure to reconcile the first and second generation 
structures with the observation, which makes this extension of the minimal model particularly interesting and 
worth further scrutiny. 

However, due to the further relaxation of the effective sum-rules via an extra Yukawa in the model the old- 
fashioned effective analyses of the Yukawa sum-rules became indecisive in the NMSGUT case (though some inter- 
esting results in this direction have been obtained under various extra assumptions like e.g. perturbatively small 
120H-effects [30|, in a setting with decoupled 126h [32] or imposing furhter constraints on the Yukawa couplings, 
see e.g. [33|). Any extra information about the GUT-scale Higgs spectra and mixings (as almost the only means 
of constraining the parametric space of the model) became a crucial ingredient of any quantitative analysis of the 
model. 

The main scope of this work is to study the Higgs sector of the NMSGUT case (with the total of IOh ® 126h © 
126h © 210h © 120h in the Higgs sector) as thoroughly as possible, i.e. calculate all the Higgs sector mass matrices 
(encoding the information about the GUT-scale Higgs spectra and mixings which is the key to a reliable analysis of 
the effective Yukawa sector). We shall pass through all the SM submultiplets of the 592-dimcnsional Higgs sector of 



^ We shall not comment at all on the potentially predictive SO{10) scenarios exploiting an alternative setting of the Higgs sector based 
on 16 ffi 16 rather than 126 © 126; an interested reader can find a representative sample of references in papers [271. 12811 . 



NMSGUT providing the relevant mass matrices for each sector in the form that emerges right after the breakdown 
of the GUT symmetry and comment on some of the features of the different multiplets. Last, but not least, in 
the limit when 120h decouples from the GUT-scale physics, our results provide an independent cross-check of the 



MSGUT formulae given in [22 1 



The study is organized as follows: after recapitulating in brief some of the salient features of the Higgs sector of 
the minimal model we write down an upgraded form of the Higgs superpotential relevant for the NMSGUT case 
(including the extra 120h) in Section HIl and argue (Section IIIip that despite from the extra 5 terms therein the 
vacuum structure of the extended model is the same like that of the MSGUT. This allows us to inherit the minimal 



model parametrization of the vacuum manifold from 2^] and write down all the mass matrices in Section [TVl in the 
'familiar' notation. Each of the mass matrices is augmented with a complete information on the states it is spanned 
over and on the phase convention employed upon its derivation so that the study is maximally self-contained and 
verifiable. Section |V] is then devoted to the identification of the Goldstone modes in the relevant sectors, which 
provides a further consistency check of our results. Focusing on the Yukawa sector of the MSSM in Section FVll 
we provide a detailed description of the matching between the effective theory and the underlying SO{10) model. 
Most of the technicalities (namely notation issues & comments on conventions) are deferred to an Appendix. 

II. THE NMSGUT HIGGS SECTOR SUPERPOTENTIAL 

Using the "group theory notation" the Higgs part of the superpotential of the minimal SUSY S0{1Q) model 
reads: 

1^5"" == MioIOh.IOh + Mi26T26h.126h + M2io210h.210h + 

+ A 210h.210h.210h + V 210h.T26h.126h + a 210h.10h.126h + a 210h10h T26h (1) 



which is the piece that has been studied in detail in 2M- ^^ terms of the SO{10) tensorial components: 



Hi = IOh , ^ijki = 210h , ^ijkim = 126h , 'i^ijkim — 126h , (2) 

VF^'" can be transcribed as: 

Wh"" = ninliiHi + —niY.'Sijkim'^ijkim + -T^fn.jy^ijki^ijki + 

+ -T^ ^ ^ijkl^klTnn^mnij + J^V ^ijkl^ijmno'^klTnno + J^Oi ^ijklHm^ijklm + ■J-^^ijklHmX'ijklm (3) 

where the notation of [22| has been fully inherited and summation over all repeating indices is understood. There is 
in total 7 parameters in Wg^™: {ttih, toi;, to$, a, a, 77, A}. However, 1 of them (tos) can be traded for a dimensionless 
parameter called x from the requirements on the GUT symmetry breaking chain and another (conventionally mn) 
can be fixed by the need for a zero determinant of the SU(2)l doublet mass matrix to arrange the pair of light 
MSSM Higgs doublets. 

In NMSGUT, the extra 120-dimensional three index fully antisymmetric tensor is added to the Higgs sector 
giving rise to a new set of vertices with 120h: 

W^^° = Mi2o120h.120h + 

+ p 210h.120h.120h + 7 10h.210h.120h + /3 210h.120h.126h -h ^210h.120h.T26h (4) 

Using '^ijk = 120h for the components of 120h we can rewrite M^^^" in the form: 

1 
3!' 



^120 



Wh = 7TT"^**yfc*yfe 



+ /r)|N2 P ^ijkl '^ijm'^klm + -77:1 Hi<^ijkl'^ jkl + -:t:P ^ijkl^ Imn^ijkmn + TT^P ^ijkl'^ Irmi^ijkmn (5) 

This piece of the total NMSGUT superpotential Wh = PVg^'" -I- Wh^° brings in 5 extra parameters: {m*, /?,/?, 7, p}. 
All together, there is 11 relevant parameters in the next-to-minimal setting, namely {x, m^, mq,, a, a, ry. A, /?, /?, 7, p} 
that we shall further refer to as "microscopic" . 



In what follows, we shall mostly use the notation and conventions defined in the Appendix A.l of [231. However, 
since the embedding of the SM states into the SO{10) multiplets is defined only up to global phases, there will 
be some differences in the choice of phase convention for the basis states the mass matrices are spanned over. For 
sake of completeness, we will comment on this issue wherever appropriate. Further information on accounting for 
some of the convention differences is given in Appendix [X] 

III. GUT SYMMETRY BREAKDOWN 

The minimal model Higgs multiplets IOh, 126h © 126h and 210h decomposing under the Pati-Salam subgroup 

S'C/(4) ® SU{2)l ® SU{2)r of 50(10) as 

10 = (1,2,2)0(6,1,1) 

126 = (6,1,1)0(10,3,1)0(10,1,3)0(15,2,2) 

126 = (6,1,1)0(10,3,1)0(10,1,3)0(15,2,2) (6) 

210 = (1, 1, 1) (15, 1, 1) (6, 2, 2) (15, 3, 1) (15, 1, 3) (10, 2, 2) (TO, 2, 2) 

accommodate in total 5 complete singlets under the Standard Model gauge group S'C/(3)c®>5'C/(2)x,®C/(l)y residing 
in the (10, 1, 3)y26: (IOj 1: 3)i26, (1, 1, 1)210, (15, 1, 3)210 and (15, 1, 1)210 components of the relevant 50(10) tensors. 
This can be seen from the decompositions of the Pati-Salam multiplets into the SU{3)c ® U{1)b-l states 

4 = (3,+i)0(l,-l), 6 = (3,-|)0(3,+§) 

10 = (6, +f) 0(3,-1)0(1,-2) 15 = (8, 0) 0(1, 0)0 (3, +1)0 (3, -|) (7) 

provided Q — T^ + F, i.e. Y — T^ + ^{B ~ L) is being used as a convention for the Gell-Mann Nishijima formula 
defining the weak hypercharge normalization. 



221 ') denote the vacuum expectation values (VEVs) of the relevant 



In what follows we shall (in accordance with 
SM singlets in these multiplets as: 

((10,l,3)i26)=a, ((T0,l,3)i26)=a, ((1,1, 1)210) =P, ((15,1,3)210) =c^ and ((15, 1, 1)210) = a- (8) 



As it was shown in [24I there are 7 distinct SUSY preserving minima of the minimal model Higgs potential 
corresponding to 50(10), 5C/(5) ® C/(l), flipped 5^7(5) ® C/(l), SU{A) ® SU{2)l «) SU{2)r, 5f/(3)c d) SU{2)l ® 
SU(2)r ® U(1)b-l, SU{i)c ® SU{2)l ® U{1)r ® U{1}b-l and 5[/(3)c ® SU{2)l ® U{1)y vacua respectively and 
there is a single dimensionless parameter called x in [22l | governing all the relevant breaking chains. The Standard 
Model vacuum manifold then corresponds to those values of x which generate "generic" patterns amongst the 
VEVs of the Standard Model singlet VEVs 

TO$ m$ x(5x'^ — 1) 771$ a;^ + 2a; — 1 77 8x^ — 15x^ + 14a; — 3 , , 
" = -—"' P=— (x-l)^ ' °-— a;-l ' --=-a"^* ^3Tp 0) 

and 

2ml x(x'^ + l)(l - 3x) - 2a;(x2 + l)(l-3x) ., m* 

aa = — -^ — T5 or ss ^ -—: with s = ^==cr etc. (10) 

77A (X — 1)'' (x — 1)-^ ^Xt] 

in which case 50(10) is broken down to SU{3)c <8i SU{2)l <8i U{1)y essentially in one step while the intermediate 
symmetries can be obtained if x is tuned to receive one of the particular values identified in 22] . Let us remind 
the reader that the GUT-scale Z?-flatness implies cr = ct up to an overall phase. 

In view of the complicated structure of the minimal model vacuum it is rather welcome that the extra 120h 
decomposing under the Pati-Salam subgroup as 

120 = (1,2,2)0(10,1,1)0(10,1,1)0(6,3,1)0(6,1,3)0(15,2,2) (11) 

does not bring in any extra SM singlets because the only colour singlet of 10 of Pati-Salam has a non-zero B — L 
charge, c.f. formulae ([7|). This means that the vacuum structure of the minimal model remains unaffected even 
with an extra 120h in the game, and in particular the parametrization ([9]) can be entirely inherited for sake of the 
discussion of the extended model. This feature saves us a lot of tedium indeed. 



IV. HIGGS SECTOR MASS MATRICES 

In this section we shall provide the mass matrices for the (fermionic components of the) Higgs multiplets after 
the SO(IO) breakdown to the Standard Model SU{3)c ® SU{2)l ® U{1)y. In order to simplify the situation 
considerably we shall, as usual, focus on the fermionic (i.e. higgsino) components of the superfields and invoke 
SUSY (which remains unbroken at the GUT scale) to transfer the results of interest (i.e. the eigenvalues and 
mixings) into the bosonic sector. The main advantage of this approach is that the higgsino mass matrices can be 
obtained directly from the VEVs of the double superpotential derivatives and there is no need to pass through the 
lengthy computation of all the F-terms and _D-terms providing the building blocks of the SUSY scalar potential. 

For sake of illustration let us remark that there is in total 13,321,010 terms in the sums in ([3]) and ([5]) (out of 
which 2,111 thousand terms come from the new piece IVjJ'^^), but fortunately 'only' 1,190,170 of them are non- 
zero by antisymmetry of the tensors under consideration (Wj^^" then accounts for 338,400 out of this number). 
Thus, perhaps the only reasonable strategy of handling all these contributions is to work with the antisymmetrized 



combinations rather than with the very components of the antisymmetric tensors (this is why all the results in 22 1 
are given just in terms of such structures), c.f. Appendix El 

A. General remarks 

At the Standard Model level, all states with the same quantum numbers with respect to the SM Cartan operators 
T|, Tg, T^, Y corresponding to the same Casimir eigenvalues of C = 'Y^Tf^ and C^ = J^'^i'^ '^^^ ™i^ ^^"^ ^ 
characteristic pattern of mass matrices emerges. In what follows we shall pass through the whole plethora of the 
Higgs sector states and write down the corresponding mass (fermionic) matrix for each subspace corresponding to 
a set of fixed values of {C, T|, T§; C^ , T^\ Y) or, equivalently, (C"=, T|, T^\ B ~ L, C^, T^; C^J^) choosing 
a single representative configuration of the Cartan eigenvalues for each value of the relevant Casimir, for example 
T§ = 0, Ti = state for the 5'C/(3) octets (corresponding to C = ^) or e.g. T^ = -\ for the SU{2)l doublets 
(with C^ = |) 6tc. The mass matrices for all the other components with the same C"^, C^ , Y corresponding to 
just different Tg , Tg and/or T^ can be (if desired) obtained in a straightforward manner by the relevant SU{i)c 
and/or SU{2)]^ transformations. 

In every sector (i.e. for every combination of C"^, C^, Y)^ we shall first specify the choice of the representative 
(i.e. the values of T3 , Tg , T^) and comment on the dimensionality and origin of the relevant contributions. Every 
subsequent mass matrix shall be equipped with a table of states corresponding to its rows (denoted generically by 
Ri) and columns (Ci), unless the representation is real, in which case a single symbol Si shall be used. For each 
Ci and Ri (or Si) we shall also display a chunk of the map of the SM components of IOh, 126h, 126h, 210h and 
120h (i.e. the submultiplets with definite SM quantum numbers) onto the defining basis states Hi, Y,ijkirm '^ijkirm 
^ijki and 'i'ijk (typically we present only the "lowest" relevant permutation of indices and defer an interested 
reader to Appendix [K\ or to 22] for further details) in order to provide an information about the phase convention 
used in derivation of the mass matrix under consideration. (Note that for sake of simplicity we always choose our 
phase convention in such a way there are no pending imaginary units in the mass matrices.) For sake of a simple 
bookkeeping the top-left box of each table shall indicate the full dimensionality of the sector under consideration. 

B. Mass matrices - colour singlets 

There are in total 40 colour singlet states in the Higgs sector of the minimal model. With an extra 120h this 
number is increased up to 50. In what follows we shall pass through the three categories corresponding to SU{2)l 
singlets, doublets and triplets respectively. 

1. C" = 0, C^ = - SU{'i)^ <S> SU{2)l singlets 

There are altogether 13 different S'/7(3)c ® SU{2)l singlet states in the NMSGUT breaking into three different 
hypercharge sectors with Y ~Q, ±1 and ±2 respectively. 



As in the minimal model case, the Y = sector of the NMSGUT consists of 5 entirely SM-neutral Higgses (and 
thus the representation is real and the mass matrix symmetric) because there is no full SM singlet in 120h- Note 
also that these are the only fields that can receive GUT-scale VEVs triggering the 50(10) breakdown. The Y = ±1 
sector of the NMSGUT differs from the minimal model one due to an extra state in 120h and the relevant 3x3 
mass matrix is hermitean accounting for 6 degrees of freedom in total. Notice that these are exactly the quantum 
numbers of the SU{2)r gauge bosons {Wr) that should be made superheavy via the standard Higgs mechanism 
once the SU{2)ii symmetry gets broken. In order to be able to achieve that, there must be a Goldstone boson in 
this sector corresponding to a zero in the spectrum of the relevant mass matrix. For further details the reader is 
deferred to Section |Vl Finally, the 2 components with Y = ±2 are identical to the minimal model ones (coming 
from 126h©126h) as well as the corresponding mass matrix. 

The relevant mass matrices and the corresponding physical basis vectors (and the phase convention) these 
matrices are spanned on follow: 



Sector (1,1,0): 



/ 



TOs 



ms + 77(3a + p — 6a;) —t]W 

r](3a + p — 6Lu) — r/cr 

—rfa —ria 2to$ 

—y/Srfa —\f2tr\a 

\f^r\u y/Qrja 2v6Atj 



—^/ir|a 


2(m$ + 2aX) 



Vdrja 
4V2Aw 



(12) 



4\/2Aw 2(to<i, + (2a + p)\) ) 



5 


Pati-Salam origin 


(C^ r|, Ti, B-L,C^, Ti:, C^.Ti) 


phase convention 


Si 


(To, 1,3) 126 


(0,0,0,2,0,0,2,-1)126 


-S[l,3,5,7,9] + ... 


S2 


(10,l,3)i26 


(0,0,0,-2,0,0,2,l)i2g 


-E[l,3,5,7,9] + ... 


Ss 


(1,1,1)210 


(0,0,0,0,0,0,0,0)210 


$[1,2,3,4] 


S4 


(15,1,1)210 


(0,0,0,0,0,0,0,0)210 


$[5,6,7,8] + ... 


S5 


(15,1,3)210 


(0,0,0,0,0,0,2,0)210 


$[1,2,5,6] + ... 



h. Sector (1,1,-1)® (1,1, +1): 

' 7TT-E + (3a +73)77 y/^rja dyJziSui \ 

V6r]a 2(m<E, + (2a + p)X) 2^/3/3CT 

\ 6\/2/3a; 2\/3/3(T 2 (to* + 3ap) y 



6 


Pati-Salam origin 


(C^T|, r|, S - L, C^,Tl, C",Ti) 


phase convention 


Ri 
R2 
R3 


(10,1,3)t26 
(15,1,3)210 
(10,1,1)120 


(0,0,0,-2,0,0,2,0)i2g 
(0,0,0,0,0,0,2,-1)210 
(0,0,0,-2,0,0,0,0)120 


-iS[l,2,5,7,9] + ... 

-i$[l,3,5,6] + ... 

-*[5,7,9] + ... 


C2 
C3 


(To, 1,3) 126 

(15,1,3)210 
(10,1,1)120 


(0,0,0, +2, 0,0,2,0)126 
(0,0, 0,0, 0,0, 2, +1)210 
(0,0,0, +2, 0,0, 0,0)120 


+iS[l,2,5,7,9] + ... 

+i$[l,3,5,6] + ... 

-*[5,7,9] + ... 



(13) 



Sector (1,1, -2) 0(1,1, +2): 



"T-s + ?7(3a + p + Quj) 



2 


Pati-Salam origin 


{C-,Ti,Ti,B - L^C^T^^C'.Ti) 


phase convention 


Ri 


(10,1,3)t26 


(0,0,0,-2,0,0,2,-1)126 


-S[l,3,5,7,9] + ... 


Ci 


(TO, 1,3) 126 


(0,0,0,+2,0,0,2,+l)i26 


-S[l,3,5,7,9] + ... 



(14) 



One can easily check that in all three cases our results agree with the relevant matrices in 2^ up to row/column 
reshuffling and the phase conventions. 



2. C" = 0,C^ = 



smglets of SU{3)c, doublets of SU{2)l 



There are in total 14 different colourless doublets accommodating 28 independent components. This cathegory 
breaks down into 2 subspaces with hypercharges Y — zL^ and ±|. 

The Y = zL^ sector corresponds to the MSSM-likc Higgs doublets driving the Dirac masses of the matter sector. 
Due to the two extra Pati-Salam-bidoublets residing in 120h, the original MSGUT 4x4 mass matrix for each 
charge is in NMSGUT upgraded to 6 x 6, accounting for 12 doublets (i.e. 24 states in total). We give the relevant 
mass matrix for the Q = sector only; the same for Q = ±1 states is readily obtained from the SU{2)l symmetry 
considerations. (Since this is the key to any Yukawa sector analysis, a detailed study of this sector is subject of a 
dedicated Section IVTl ) The remaining 4 states (i.e. 2 isodoublets) with Y = ±| are the same like in the minimal 
model. 



a. Sector (1, 2, -i) (1, 2, +i), Q = states 
— J^a{a — uj) m^ + 2ri{a — uj) 



3 — 
2 



a{a + uj) 








2/3(p - 2uj) 



^^a{a^uj) 


~aa pj 


VSluj \ 





y/6r]a a/6/3w 


V2Pip - 2lj) 


TOs + 2ri{a + uj) 


Vepio 


V2j3{p + 2uj) 





2[mq> + 3A(a - uj)] 2f3a 


-2V3(3a 


V6/3w 


2/3ct 2r7i>p 


2V3puj 


V2/3(p + 2uo) 


~2V3^ 2V3/9tj 


2rnif + Aap J 



(15) 



24 


Pati-Salam origin 


{C<^,T^,Ti,B - L,C\T^,CR,T^) 


phase convention 


Ri 


(l,2,2)io 


(0,0,0,0,|,+i,|,-i)io 


-iiJ[3] + . . . 


i?2 


(15,2,2)i26 


(0,0,0, 0,f,+i,|,-i)i26 


-iE[l,2,3,5,6] + ... 


i?3 


(15,2,2)126 


(0,0,0,0,|,+i,|,-i)i26 


-iS[l,2,3,5,6] + ... 


il4 


(10,2,2)210 


(0,0,0, -2,|,+i,|,+i)2io 


-i$[l,5,7,9] + ... 


Rs 


(l,2,2)i2o 


(0,0,0, 0,f,+i,|,-i)i2o 


-*[1,2,3] + ... 


Re 


(15,2,2)i2o 


(0,0,0,0,|,+i,|,-i)i2o 


-*[3,5,6] + ... 


Ci 


(l,2,2)io 


(G,0,0,0,|,-i,|,+i)io 


iH[2,] + ... 


C2 


(15,2,2)^26 


(0,0,0,0,f,-i,|,+i)i26 


iE[l,2,3,5,6] + ... 


C3 


(15,2,2)i26 


(0,0,0, 0,f,-i,|,+i)i26 


iE[l,2,3,5,6] + ... 


C4 


(10,2,2)210 


(0,0,0, +2,f,-i,|,-i)2io 


z$[l,5,7,9] + ... 


c. 


(1,2,2)120 


(0,0,0, 0,f,-i,|,+i)i2o 


-*[1,2,3] + ... 


Ce 


(15,2,2)i2o 


(0,0,0, 0,|,-i,|,+i)i2o 


-*[3,5,6] + ... 



h. Sector (1,2,- 



-|) ® (1, 2, +1), Q = t2 states: 



2™$ + 6A(a + uj) 



4 


Pati-Salam origin 


(C^ TgS Ti, B-L,C\ Ti^, C« Ti) 


phase convention 


Ri 


(10,2,2)210 


(0,0, 0,-2, 4, —2, 4, —2)210 


+i$[l,5,7,9] + ... 


Ci 


(10,2,2)210 


(0,0,0,+2,f,+i,f,+i)2io 


-i$[l,5,7,9] + ... 



and the results in the decoupling limit (i.e. to$ — > 00) are again the same as in f22!|, up to phase conventions 



(16) 



3. C"= = 0, C^ = 2 - colourless SU {2) l -triplets 

In the NMSGUT Higgs sector there are 3 colourless triplets belonging to this cathegory (accounting in total for 
9 degrees of freedom) breaking into 2 subspaces with hypercharges and ±1. This sector is identical to the case 
of the minimal model. 



Sector (1,3,0) 



2ma 



2X{2a-p) 



(17) 



3 


Pati-Salam origin 


(C; T^, T§, B- L,C\ T^, C^ Tg^) phase convention 


Si 


(15,3,1)210 


(0,0,0,0,2,0,0,0)210 


$[1,2,5,6] + ... 



b. Sector (1, 3, -1) © (1,3, +1), Q = Tl states : 

"IE + ?7(3a -P) 



(18) 



6 


Pati-Salam origin 


(C";r|, Ti,B-L, C\T^, C^^T^) 


phase convention 


Ri 


(10,3,l)i26 


(0,0,0,-2,2,0,0,0)126 


-S[l,2,5,7,9] + ... 


Ci 


(T0,3,1)t26 


(0,0,0,+2,2,0,0,0)t26 


-£[1,2,5,7,9] + ... 



As before, our results are the same like those given in [22 



C. Mass matrices - colour triplets &: antitriplets 



The dimensionahty of this part of the Higgs sector in the minimal model is 192. With addition of 120h there are 
extra 66 states in 11 extra triplet-antitriplet pairs yielding in total 258 degrees of freedom to be considered. For 



each of these triplets/antitriplets we shall consider only a representative corresponding to the Tg 
states respectively. 



0, Ts- 



± 



73 



1. C^ = ^,C —0- colour triplets & antitriplets, SU {2) l -singlets 

There are four different types of multiplets transforming hkc colour triplets (and antitriplets) and SU{2)l singlets 
in the extended model accounting for 84 degrees of freedom in total - according to the hypercharge they cluster 
into 4 sectors with Y = +|, +|, ±i and ±|. Notice that the states of type (3, 1, — |) © (3, 1, +|) have the same 
quantum numbers hke the gauge bosons from the SO{10)/SU{3)c (^ SU{2)l (^ U{1)y coset (which must be made 
superheavy) and thus this part of the Higgs sector should again provide the relevant Goldstone bosons. For more 
detailed discussion of this point see Section |Vl 

Note also that the (3, 1, — |) © (3, 1, +|) and (3, 1, — i) © (3, 1, +|) sectors are in general proton-decay dangerous 
(inducing in SUSY the d = 5 operators U'^U'^D'^E'^ and QQQL respectively) and thus all the eigenvalues should 
live at least at the GUT scale in potentially realistic settings (with SUSY at around 1 TeV). 



a. Sector (3, 1, -|) © (3, 1, +f ), T§ = 0, T| = ±^ states: 



2(m$ + A(a + p + 4w)) 



(19) 



6 


Pati-Salam origin 


(C; T-, T|, B-L,C\ T^ , C^ T^) 


phase convention 


Ri 


(15,1,3)210 


(|,0,+^,-|, 0,0,2,-1)210 


+i$[l,3,5,7] + ... 


Ci 


(15,1,3)210 


(1,0, ^^3, +1,0, 0,2, +1)210 


-i$[l,3,5,7] + ... 



b. Sector (3,1, -|)® (3,1, +|), T| 



0, T| 



± 



^/3 



states: 



m^ + ri{a + p - 2uj) \f2r\a -2jp -2\f2fi{a - 2w) \ 

^/2^a 2(m^ + a\) 2V2Xlu 2/3cr 

~2r](7 2V2Xlu 2{m^ + {a+p)X) -2\/2/3cr 

-2V2f3{a - 2lu) 2(3a -2\/2/?ct 2{mq, + p{p - 2uj)) J 



(20) 
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Pati-Salam origin 


(C; r|, T|, i? - L, C^ Tg^, C« Tg^) 


phase convention 


Ri 


(T0,l,3)i26 


(|,0,+^,+f, 0,0,2,-1)126 


S[l,3,5,6,9] + ... 


i?2 


(15,1,1)210 


(|,0,+^,-|, 0,0,0,0)210 


-$[5,7,9,10] + ... 


i?3 


(15,1,3)210 


(|,0,+^,-|, 0,0,2,0)210 


-$[1,2,5,7] + ... 


i?4 


(6,l,3)i2o 


(|,0,+^,+f, 0,0,2,-1)120 


-z^[l,3,9] + ... 


Ci 


(10,1,3)126 


(|'0'-73'-f'0'0'2'+l)T26 


S[l,3,5,6,9] + ... 


C2 


(15,1,1)210 


(|,0,-^,+|, 0,0,0,0)210 


-$[5,7,9,10] + ... 


C3 


(15,1,3)210 


(|,0,-^,+|, 0,0,2,0)210 


-$[1,2,5,7] + ... 


C4 


(6,l,3)i2o 


(|,0,-^,-f,0,0,2,+l)i2o 


+i*[l,3,9] + ... 



c. 



Sector (3, 


i,+i)®(3,i 


'-3)'^3- 


0, r| = ±^ states: 


: 








/ 2mH 


^{a + p)a 


-^{p~a)a 


2auj 




— q;ct 




V2a-i 


\/27Lj \ 


-l={a+p)a 


toh 





2V2rjuj 




-V2ria 




2a/3 


2/3w 


-^{p-a)a 





ms 












-2a;3 


2/3cj 


2onxi 


2^/2'quJ 





m^ + {a + p)ri 




2?7CT 




2V2/3a; 


2V2a/3 


—aa 


-\/2r/cr 





2-qa 


2(m$ 


+ A(a+p- 


-M) 


2\/2/3cr 


-2^/2/3cr 


y/2a-i 


2a(3 


-2a (3 


2v^/3w 




2V2/3CT 




2(?7i,p + ap) 


Apuj 


\ \/2-iuj 


2puj 


2(3uj 


2^/2a/3 




-2v^/3a 




4pcj 


2{mq, +pp) I 



42 


Pati-Salam origin 


(C";T3^ r|, S - L, C^T^, C^,T^) 


phase convention 


Ri 


(6,1,1)10 


(|,o, +^,+1,0,0,0,0)10 


+iH[%\ + ... 


Ri 


(6,l,l)l26 


(|,0,+^,+f, 0,0,0,0)126 


+iS[l,2,3,4,9] + ... 


i?3 


(6,1,1)t26 


(|,0,+^, +1,0,0,0,0)126 


+iS[l,2,3,4,9] + ... 


i?4 


(To, 1,3) 126 


(|,0,+^,+f, 0,0,2,0)126 


iS[l,2,5,6,9] + ... 


i?5 


(15,1,3)210 


(|,0,+^,-|,0,0,2, +1)210 


-i$[l,3,5,7] + ... 


i?6 


(10,1,1)120 


(|,0,+^,+f, 0,0, 0,0)120 


-*[5,6,9] + ... 


i?7 


(6,1,3)120 


(|,o,+^,+f, 0,0,2,0)120 


-*[1,2,9] + ... 


Ci 


(6,1,1)10 


(|,o,-^,-f, 0,0,0,0)10 


-iH[o,] + ... 


C2 


(6,1,1)t26 


(|,0,-^,-f,0,0,0,0)i2e 


-iS[l,2,3,4,9] + ... 


C3 


(6,l,l)l26 


(|,0,-^,-f, 0,0,0,0)126 


-iS[l,2,3,4,9] + ... 


C4 


(10,1,3)t26 


(|,0,-^,-f, 0,0,2,0)126 


-iS[l,2,5,6,9] + ... 


C5 


(15,1,3)210 


(|,0,-^, +1,0,0,2,-1)210 


+i$[l,3,5,7] + ... 


C6 


(10,1,1)120 


(|,0,-^,-f, 0,0, 0,0)120 


-*[5,6,9] + ... 


C7 


(6,1,3)120 


(|,o,-^,-f,o, 0,2,0)120 


-*[1,2,9] + ... 



(21) 



10 



d. Sector (3, 1, +|) ® (3, 1, -|), T^ = 0, T§ = ±^ states: : 

/ ms+v{a+P + 2uj) 2\/2/3(a + 2w) 
I 2V2/3(a + 2w) 2(771* + p{p + 2w)) 



(22) 



12 


Pati-Salam origin 


(C; r|, T§, B-L,C^, T^, C^ T^) 


phase convention 


Ri 

R2 


(T0,l,3)i26 
(6,l,3)i2o 


(|,0,+^,+f,0,0,2,+l)i26 
(|,0,+^,+|, 0,0,2, +l)i2o 


S[l,3,5,6,9] + ... 
+z^[l,3,9] + ... 


C2 


(10,1,3)126 

(6,1,3)120 


(1,0,-^,-1,0,0,2,-1)^ 
(t'0'-7f'-f'0, 0,2,-1)120 


S[l,3,5,6,9] + ... 
-i*[l,3,9] + ... 



As before, it can be checked our results correspond to those of ^] wherever appropriate. 



2. C^ = |,C^ = I - colour triplets & antitriplets, SU {2) l- doublets 

This sector consists of the total of 120 states clustered into 10 triplet-antitriplet pairs spanning SU{2)l doublets 
with hypercharges Y = +|, +i and ±|. The piece of particular interest is the one corresponding to the (3, 2, — i)0 
(3,2,+i) quantum numbers as it should, as before, provide the Goldstone bosons for the relevant gauge sector to 
become massive; for details see Section|Vl Furthermore, the (3, 2, +|) © (3, 2, — |) fields can mix with the relevant 
gauginos and participate at the proton decay. 

a. Sector (3, 2, -|) ® (3, 2, +|), T§ = 0, T| = ±^ states: : 



v^ 

/ ms + r]{a + uj) %/2/3(2a ~ p ~ u) \ 

niT. + ri[a + iuo) -\/2(3{2a + p + iw) 

\^/2(3{2a-p-uj) -%/2/3(2a+p + 3w) 2{m^ + p{a + 2uj)) j 



(23) 



36 


Pati-Salam origin 


(C^ T3^ Ti,B- L, C^ Tg^ , C^ T3«) 


phase convention 


Ri 


(15,2,2)126 


("4 All 43il3 1\ 
(3'0'+73'-3'4'+2'4'-2n26 


+iS[l,2,3,5,7] + ... 


R2 


(15,2,2)126 


/4 n , 1 4 3,13 1\ 
(3'0'+^' 3'4'+2'4' 2^126 


+iE[l,2,3,5,7] + ... 


R3 


(15,2,2)120 


/4 n _L 1 4 3,13 1\ 
^3''^'+73'~3' 4'+2' 4'~2-'l20 


-*[3,5,7] + ... 


Ci 


(15,2,2)^26 


/4 n 1,43 13 1 1\ 
^3'^' y3'"'"3' 4' 2' 4'"'"2n26 


-iS[l,2,3,5,7] + ... 


C2 


(15,2,2)i26 


/4 n 1,43 13 _i_l\ 
^3'*^'"^!' 3' 4'~2' 4'+2A26 


-iE[l,2,3,5,7] + ... 


C3 


(15,2,2)120 


M n 1,43 13 1 1\ 
^3' '^73' 3' 4'~2' 4'~'"2''120 


-*[3,5,7] + ... 



b. Sector (3, 2, -i) (3, 2, +i), r| = 0, T§ = ±^ states 



/ m^ + rj{a 


-u) 








-N/2/3(2a-p + w) \ 







ms + ri{a - 3w) 


-\/277(T 


2r)a -V2f3{2a + p-3u) 







-V27;ct 


2(r7i$ — Xuj) 


2V2\uj -2(3a 







277CT 


2V2XLU 


2(m<E, + A(a-w)) 2^/2/3CT 


V-V2/3(2a- 


p + uj) 


-V2f3{2a+p-3u;) 


-2/3cr 


2\/2/3cr 2(to* +/9(a-2cj)) / 



(24) 



11 



60 


Pati-Salam origin 


{C';TI Ti, B^L, C\T^, C^.Ti) 


phase convention 


Ri 


(15,2,2)i26 


M Q 1 1 4 3,13 
^3'"' '^V3' 3' 4'"^2' 4 


+ 2)126 


-S[l,3,4,5,7] + ... 


R2 


(15,2,2)i2g 


^4 Q 1 1 4 3 
^-3'"' ^v^' 3' 4 


+ 1 3 
^2' 4 


+ 2)126 


S[l,3,4,5,7] + ... 


Rs 


(6,2,2)210 


(-4 +J- +2 3 
'-3'"'^y3'^3' 4 


+ 1 3 
^^2' 4 


-2)210 


$[1,2,3,9] + ... 


Ri 


(10,2,2)210 


(-4 r, 1 1 ,23 
'-3''J'+;;^'+3' 4 


+ 1 3 
^2' 4 


-5)210 


$[3,5,6,9] + ... 


R5 


(15,2,2)120 


^4 Q 1 1 4 3 
'-3'"'^V3' 3'4 


+ 1 3 
^2' 4 


+ 2)120 


-z*[l,5,7] + ... 


Ci 


(15,2,2)^ 


(-4 L +4 3 

^3'"' y3'^3'4 


1 3 
2' 4 


2 -'126 


-E[l,3,4,5,7] + ... 


C2 


(15,2,2)i26 


(-4 L +4 3 

^3'"' V3'^3'4 


1 3 

2' 4 


— 5)126 


S[l,3,4,5,7] + ... 


C3 


(6,2,2)210 


('4 n 1 2 3 
V3'"' 73' 3'4 


1 3 
2' 4 


+ 2)210 


$[1,2,3,9] + ... 


Ci 


(10,2,2)210 


(-4 L _2 3 

^3'"' 73' 3'4 


1 3 

2' 4 


+ 2)210 


$[3,5,6,9] + ... 


C5 


(15,2,2)120 


(-4 1 1 4 3 
•-3'"'";;^' +3' 4 


1 3 
2' 4 


-5)120 


+i*[l,5,7] + ... 



c. Sector (3, 2, +|) (3, 2, -|), T^ = 0, T^ = ±^ states: : 

/ 2(m<i, + Acj) 2V2Aw 

I 2V2Aw 2(m$ + A(a + cj)) 



(25) 
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Pati-Salain origin 


[C; T§, Ti, B-L,C\ T^ , C^, Tg^) 


phase convention 


Ri 
R2 


(6,2,2)210 
(10,2,2)210 


/4 n _L 1 ,23,13 , 1\ 
(3'0'+73'+3' 4'+2' 4'+2)210 

(in,! ,23,13 I 1\ 
^3'^'+;^'+3' 4'+2' 4'+2^210 


-$[1,3,4,9] + ... 
-$[1,5,6,9] + ... 


Ci 
C2 


(6,2,2)210 
(10,2,2)210 


/4 n 1 2 3 13 1\ 
^3'^'^73'^3' 4'^2' 4'^2i210 

/4 n 1 2 3 1 3 1\ 
^3'^'^;^'^3' 4'^2' 4'^2i210 


-$[1,3,4,9] + ... 
-$[1,5,6,9] + ... 



3. C 



, C^ = 2 - colour triplets & antitriplets, SU {2) l -triplets 



The coloured triplet-antitriplet pairs that transform like triplets under SU{2)l account in total for 54 states 
with hypercharges 1" == +| and ±-|. The only difference between the minimal model and the extended scenario is 
one extra set of states in the Y zL ^ sector though. 



Sector (3, 3, -f ) ® (3, 3, +f ), T^ = 0, T| = ±^ states: : 

2(?7i$ + (a — p)\) 



(26) 



18 


Pati-Salam origin 


(C; T^, Ti, B-L,C^, Tg^, C« Tg^) 


phase convention 


Ri 


(15,3,1)210 


(|,o,+^, -1,2,0,0,0)210 


-$[1,2,5,7] + ... 


Ci 


(15,3,1)210 


(t'0'-73'+l'2'0'0'0)2io 


-$[1,2,5,7] + ... 



b. Sector (3, 3, 



(3, 3, -i), r| = 0, T^ = ±^ states: : 

(ms + (a — p)ri 2\/2a/3 
2V2a/3 2{mq,-pp) 



(27) 



12 



36 


Pati-Salam origin 


(C; r|, T|, B- L,C^, Tg^, C^Tg^) 


phase convention 


Ri 

i?2 


(10,3,1)126 

(6,3,1)120 


(|,0,+^,+|,2, 0,0,0)^26 
(|,0,+^,+|, 2, 0,0,0)120 


S[l,2,5,6,9] + ... 
+i*[l,2,9] + ... 


Ci 
C2 


(10,3,1)126 
(6,3,1)120 


(|,0,-^,-f, 2, 0,0,0)126 
(|, 0,-^,-1,2,0,0,0)120 


S[l,2,5,6,9] + ... 
-1^1,2,9] + ... 



As before, in the ?n,p — > 00 decouphng hniit we do reconstruct the resuh of the minimal model study [2 



D. Mass matrices - colour octets 

There is in total 152 states in 19 different colour octets belonging into this cathegory, to be compared with 15 
such octets in the minimal model. The new states from 120h enter only the (8, 2, — i) © (8, 2, +i) sector while the 
rest is identical to the MSGUT situation. 



C 



3,C^ 



: - colour octets, SU (2) l -singlets 



This subset is entirely identical to the corresponding one in the minimal model so there is no need to further 



comment on it. 

a. Sector (8, 1, -1) ® (8, 1, +1), T^ = +1, T| == states: 

2(m$ + (p — a) A) 



16 


Pati-Salam origin 


(C; T§,T^,B-L, C\ T^ , C^ T^) 


phase convention 


Ri 


(15,1,3)210 


(3,-1,0,0,0,0,2,-1)210 


$[1,3,5,7] + ... 


Ci 


(15,1,3)210 


(3,+l, 0,0, 0,0,2, +1)210 


$[1,3,5,7] + ... 



b. Sector (8, 1,0), T!^, = +1, T| = states: 



2(m$ - a\) 2^/2\LO 

2\/2Aw 2(m$ + (|5-a)A) 



16 


Pati-Salam origin 


(C; T^,TI,B-L, C\ T^ , C^ T^) 


phase convention 


Ri 
R2 


(15,1,1)210 
(15,1,3)210 


(3,-1,0,0,0,0,0,0)210 
(3,-1,0,0,0,0,2,0)210 


+i$[5,7,9,10] + ... 

+i$[l,2,5,7] + ... 


C2 


(15,1,1)210 
(15,1,3)210 


(3,+l, 0,0,0,0,0,0)210 
(3,+l, 0,0, 0,0,2,0)210 


-i$[5,7,9,10] + ... 

-i$[l,2,5,7] + ... 



2. C"= = 3,C^ = I - colour octets, SU {2) l- doublets 



(28) 



(29) 



As anticipated, the only change due to the new multiplet in the game in the coloured octet subspace propagates 
into an extra row/column in the following sector: 

a. Sector (8, 2, -\) ® (8, 2, +\), T§ = +1, T§ = states: 

^ ms + 77(w - a) V2/3(p + uj)\ 

TOE-??(a + w) V2/3(w-p) (30) 

\ V2f3{p + uj) V2/3(cj - p) 2{m^ - ap) y 



13 



96 


Pati-Salam origin 


(C";T3^ r|, B- L, C\T^, C",T^) 


phase convention 


Ri 

i?2 

i?3 


(15,2,2)126 
(15,2,2)126 
(15,2,2)120 


(3,-l,0,0,|,-i,|,-i)i26 
l^O, i, U, U, 4 , 2 ' 4' 2/126 

(3,-1,0,0,1, -i, I, -i)i2o 


+?;E[1,3,4,5,7] + ... 

-iS[l,3,4,5,7] + ... 

*[1,5,7] + ... 


Ci 

C2 

C3 


(15,2,2)^26 
(15,2,2)i26 
(15,2,2)120 


(3,+l,0,0,f,+i,|,+i)426 
(3,+l,0,0,f,+i,|,+i)i26 

(3,+l,0,0,|,+i,|,+i)i2o 


-iS[l,3,4,5,7] + ... 

+iE[l,3,4,5,7] + ... 

vl/[l,5,7] + ... 



3. C" = 3, C^ = 2 - colour octets, SU [2) l -triplets 
This sector is again identical to the corresponding minimal model one, so there is no need for extra comments. 
a. Sector (8, 3, 0), r| = +1, T| = states: 



2(m$ — (a + p)A) 



(31) 
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Pati-Salam origin 


(C-; TgS T|, B - L, C^ T^ , C« Tg^) 


phase convention 


Ri 


(15,3,1)210 


(3,-1,0,0,2,0,0,0)210 


+i$[l,2,5,7] + ... 


Ci 


(15,3,1)210 


(3, +1,0, 0,2, 0,0, 0)210 


-i$[l,2,5,7] + ... 



E. Mass matrices - colour sextets & antisextets 

There are 132 degrees of freedom corresponding to the colour sextet- antisextet pairs in the next to minimal 
SUSY S'O(IO) (to be compared to 120 in the MSGUT [22*]). Since all sextets descend from the Pati-Salam 
decuplets decomposing under S'f7(3) ® U{1)b-l like 10 = (6, — |) (3, +|) (1, +2) and the only such decuplets 
within the extra 120h are SU{2)]^ (g) SU{2)ji singlets, the minimal model situation can be altered solely in the 
(6, 1,-i)® (6, 1,+|) sector. 

1. C^ = ^,C^ = - colour sextets & antisextets, SU {2) l- singlets 

The only difference with respect to the MSGUT coloured sextets is that the (6,1,— -i) © (6, 1,+|) states are 
spanned over more than just a single S'O(IO) multiplet which promotes the relevant simple minimal model mass 
terms into a mass matrix. 



Sector (6, 1, -|) ® (6, 1, +|), T| = 0, T^ = ±-^ states: 

my. + rj{-a + p + 2uo) 



(32) 



12 


Pati-Salam origin 


{C^T^, r|, B-L, C\Ti-, C^T^) 


phase convention 


Ri 


(To, 1,3) 126 


(f,0,+^, -1,0,0,2,-1)126 


-iS[l,3,5,7,9] + ... 


Ci 


(10,1,3)t26 


(f,0,-^,+f,0,0,2,+l)^ 


+iE[l,3,5,7,9] + ... 



h. Sector (6, 1, -\) ® (6, 1, +\), r| = 0, T^ = ±^ states: 



ms + (p — a)rj —2\/2fiui 
-2V2/3a; 2{m^ - ap) 



(33) 
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Pati-Salam origin 


(C";T3^ r|, B~ L, C\T^, C",T^) 


phase convention 


Ri 
R2 


(10, 1,3) 126 

(10,1,1)120 


(f,0,+^,-f, 0,0,2,0)126 

(f,o,+^,-|, 0,0,0,0)120 


-?;E[1,2,5,7,9] + ... 
^[5,7,9] + ... 


Ci 
C2 


(10,1,3)t26 

(10,1,1)120 


(f,0,-^,+f,0,0,2,0)^ 
(f,0,-;|,+§, 0,0,0,0)120 


+iS[l,2,5,7,9] + ... 
*[5,7,9] + ... 



c. Sector (6, 1, +|) ® (6, 1, -f ), T| = 0, T| = ±^ 



states: 

"^s + '7(— a + P— 2cj) 



12 


Pati-Salam origin 


(C^T|,r|,S - L,C'^,Ti^,C^,Tf) 


phase convention 


i?i 


(10, 1,3) 126 


(f,0,+^,-f,0,0,2,+l)i26 


-zS[l,3,5,7,9] + ... 


Ci 


(10,1,3)t26 


C^O' .A'+i'0'0'2, l)i26 


+zE[l,3,5,7,9] + ... 



2. C''^f,C^ 



colour sextets & antisextets, SU (2) l -doublets 



This subspace is identical to the relevant part of the MSGUT, see e.g. 22| and references therein 



a. Sector (6, 2, -|) ® (6, 2, +|), r| = 0, T| = ±^ states: 

2(m$ + X(lo — a)) 



24 


Pati-Salam origin 


(C; T|, T|, i? - L, C^ Tg^, C« Tg^) 


phase convention 


Ri 


(10,2,2)210 


/10n_L2 23,13 1\ 
^T'0,+73,-3'4'+2'4'-2-'210 


-?$[3,5,7,9] + ... 


Ci 


(10,2,2)210 


^10 n 2 ,23 13,1\ 
(T'0,-vf'+3' 4'-2'4'+2-'210 


-hz$[3,5,7,9] + ... 
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(34) 



(35) 



b. Sector (6, 2, +i) ® (6, 2, -i), r| = 0, T^ = ±^ states: 

2(771$ — A(ti' -I- a)) 
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Pati-Salam origin 


(C; T|, T|, B - L, C^ T/^, C^ Tg^) 


phase convention 


i?i 


(10,2,2)210 


^10n_L2 2 3,13|1\ 
'^T'^'+73'~3' 4'+2'4'+2-'210 


i$[l,5,7,9] + ... 


Ci 


(10,2,2)210 


MOn 2,23 13 1\ 
'^■3"'^'~V3'"^3' 4'~2'4'~2''210 


-i$[l,5,7,9] + ... 



(36) 



C" 



, C^ = 2 - colour sextets & antisextets, SU (2) l -triplets 



Finally, this sector is again identical to its minimal model counterpart. 

a. Sector (6, 3, -i) (6, 3, +i), T§ = 0, T| = ±-^ states: 

ws — (a + p)r/ 



36 


Pati-Salam origin 


(C^T3^ r|, S - L, C^Tg^, C^Tg^) 


phase convention 


i?i 


(T0,3,1)t26 


(f,0,+^, -§,2,0, 0,0)126 


-zS[l,2,5,7,9] + ... 


Ci 


(10,3,1)126 


(f,0,-^,+f, 2,0,0,0)126 


+iE[l,2,5,7,9] + ... 



(37) 
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To conclude, in this section we have written down the mass matrices for all the 592 bosonic degrees of freedom (up 
to gauge transformations) of the Higgs sector of the next-to-minimal supersymmetric SUSY SO(IO) model. We 
have checked that in the m^ — > oo limit (corresponding to the decoupling of the extra 120h multiplet) the minimal 
model effective particle content is recovered (i.e. exactly 120 states decouple) and the resulting mass matrices are 
reduced to the relevant MSGUT formulae. This provides a non-trivial consistency cross-check of the results given 
previously in 2^ as well as ours. 



V. CONSISTENCY CHECK - GOLDSTONE BOSONS 

Another nontrivial consistency check of some of our results consists in identifying the would-be Goldstone bosons 
associated to the spontaneous breakdown of the 5*0(10) symmetry to its SM subgroup SU{3)c (^ SU{2)l ® C/(l)y . 
Since the gauge bosons associated to the generators in the coset SO{10)/SU{3)c (?) SU{2)l ® C/(l)y should all 
become massive, there should be in total 33 Godstone bosons with the quantum numbers of the coset gauge 
fields (i.e. (3, 2, -|) ® (3, 2, +|), (3, 2, -f i) ® (3, 2, -i), (3, 1, +|) ® (3, 1, -f ), (1, 1, -1) (1, 1, +1) and (1, 1, 0) 
sectors respectively) providing the relevant longitudinal components. The situation in the minimal model has been 
thoroughly studied in !22| and the zeros in the Higgs spectra were revealed. 

With an extra 120h in the Higgs sector there are extra components contributing to the (3, 2, -(-i) (3, 2, — i), 
(3, 1, -l-|)® (3, 1, -|) and (1, 1, -1)0(1 1, -Hi) sectors while the mass matrices of (3, 2, -|)® (3, 2, -h|) and (1, 1, 0) 
remain unaffected and the results of J22l | are easily recovered. In what follows we shall focus on the former case and 
provide an evidence that the zeros are still in the spectra of the extended mass matrices, as required by consistency. 



Relevant mass matrices in the Standard model vacuum 



Adopting the SM vacuum notation along the lines of 2^ (recall that the vacuum structure of the model with 
120h is identical to the one of the MSGUT because there is no extra full SM singlet in there; c.f. also formulae (O 
and PH]) in Section HIT)) the relevant mass matrices can be recast in terms of the microscopic parameters as follows: 



h. Sector (3, 1, 



^|)e(3,l,-ff): 



2to$ 



(a;^-42; + l)?j 



(a;-l)A 



-^ -V2: 



y2\/rjA v^ (a;-l)A 

_£(£+!) _V2x ^ 

x — l ^ ^/rfX 

ix^ V2sl3 

(x^iy V^ 

ip x/2s^ I x[7x'^-Ax+l)p 

%A?A %A?A '*' (x-l)2A / 



(38) 



Sector (3,2,-i)® (3,2,-Ki) : 



2m$ 



/ i^-ix^+Qx'^-5x+l)r) 

{x-iy^\ 




V2{l-2x)'^ {x+l)]3 
\ (x-iyx 





(-3a;^+4x^-4a:+l)?7 
(x-l)2A 

" yzJjA 
^{Zx^-ix'^+ix-l)(i s^ 

(x-iyx ~7P 





STj srj 

x + l -\f2x 

^ x — \ 

V2sli 



•/2{l-2x)'^{x+l)l3 
(x-iy^X 
\/2(3a;^-4a;2+4a;-l)/3 
(a;-l)2A 

\/2s/3 

{x'^-ix+l)p 
''" "I (2;-l)A 



(39) 



d. Sector (1,1,-1)0(1,1,-^1): 



2to$ 



3x11 / 3 ST] 



3x^1 
A 

3 11-1 
2 V^yX 

3\/2x(3 
A 



3 sri 
2 V^ 
Sx'^-x^+Sx-l 

— (T^^rp — 

V3sf3 
\AjA 



3V2x/3 
A 

3(^x^+2x-l)p 
(i:-l)A 



(40) 
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It is not hard to see that with ([TOl) aU these mass matrices have indeed a zero in the spectra irrespective of the 
values of r = m^ /m^, (3 and (3. 



VI. THE NMSGUT YUKAWA SECTOR 

The Yukawa structure of the theory provides an important and (at least in principle) testable imprint of the 
GUT-scale physics on the electroweak scale observables. In this section, we shall discuss some of the salient 
features of this part of the NMSGUT model. With an extra 120h at hand, the MSGUT li] Yukawa piece of the 
superpotential 



W^' = /1^o16^-16'f-10h + /|gl6^.16^p.l26H 



is extended into 



wv 



/fU6 



'10-' 



p.ie^p.lOH + /^16^.16^f-126h 



/1^2ol6^.16^p.l20H 



(41) 



(42) 



where /lo, /y26 ^'^^ general complex 3x3 matrices, the former two being symmetric in the family space while 
/i20 is antisymmetric. After the 50(10) breakdown, this structure gives rise to all the Yukawa interactions of the 
effective theory, in particular those of the SU{2)l doublets governing the effective matter sector mass sum-rules, 
the interactions of the coloured triplets entering e.g. the d — 5 proton decay operators etc. Since the d = b proton 
decay is rather elusive in SUSY GUTs unless the soft-SUSY spectra become specified let us in what follows focus 
namely on the former, i.e. the effective sum-rules for the Dirac and Majorana masses of the MSSM matter fermions. 

A. Effective Yukawa sector sum-rules 



When the light doublet components in IOh, 126h and 120h receive their electroweak VEVs, Wy gives rise to 
the set of sum-rules for the effective Yukawa couplings 1^, Yd, Y^, Y^, etc. of the form: 



(43) 



Af„ 


= YuVu 


— ^lo'^io + ■^ise'^YSe "'' -^120 


■ n(l) «(2) 
'^120 + '^120 




M.^ 


= Y^Vu 


= Yiov'^Q-3Yi26V^ + Yi2o 


«(1) _ o «(2)" 
'^120 '^''120 


Md 


= YdVd 


— ^lo^'io + -^ise"^]^ + -^120 


■ d(l) d(2)- 
^^120 ^ ^120 




Me 


= Y,Vd 


— ^lO^'lO ~ 3Yi26WY2g + ^120 


■ d(l) d(2)- 
'^120 «J'^120 




AC 


— Yi2QVji 




M^ 


= Yi26Vl 









where Yio, yi26 and Y120 are matrices proportional to /lo, /y^g and /120 respectively (the exact "matching" formulae 
for the relevant proportionality factors in terms of the microscopic parameters of the model are the very subject 
of the next section) and the various v^ factors correspond to the projections of the electroweak VEVs onto the 
directions of the various SU{2)l doublets (residing in R = IOh, 126h and 120h) in the defining basis. Apart from 
that, vl and Vr are the B — L breaking VEVs of the SU{2)l triplet and singlet respectively, which are responsible 
for the Majorana masses of neutrinos. Ignoring the details of the underlying theory, the w^ factors are essentially 
arbitrary and one can naturally expect that the system (|43p should admit good fits of all the low-energy matter 
fermion masses and mixings. 

If, on the other hand, the Higgs sector of the model is fully specified, the weights above become computable in 
terms of the parameters entering the Higgs scalar potential ([T]), ^ and the VEVs driving the breakdown of the 
GUT symmetry (|S]). In case of the minimal scenario this has been done in full generality by Bajc, Melfo, Senjanovic 
and Vissani in their 2004 paper 22| and further extended in [iSj . Subsequently, it has been pointed out 
that the minimal setting is indeed incompatible with the low-energy data. 
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B. Microscopic structure of the effective MSSM mass sum-rules in NMSGUT 



In this section we consider the extended Yukawa sector (|42|) and compute the effective projections of the elec- 
troweak VEVs entering (|43p by means of the microscopic parameters of the theory. 

1. Bidoublet mass matrix in NMSGUT 

In order to do that we should look at the shape of the SU{2)l doublet mixing arising from the generic 6x6 
bidoublet mass matrix (jlSp emerging after spontaneous breakdown of the GUT symmetries. Notice that the upper- 
left 4x4 sub-block of US]) corresponding to the doublets in IOh, 126h © 126h, 210h of the original MSGUT is 
indeed identical (up to an irrelevant global rephasing) to the bidoublet mass matrix given in 22], which provides 
a non-trivial consistency check of both ours and Bajc & co.'s analysis. The last two rows/columns in ([15]) are due 
to the pair of bidoublets in 120h and we have chosen our convention in such a way there are no pending i factors. 

Adopting the SM vacuum notation along the lines of [22| the VEVs in the mass matrix under consideration can 
be recast in terms of the microscopic parameters ^ as: 

7n^ A 2 x — 1 A 2 a; — 1 A (x — l)'^ A ^ 



M(i^2.±l) oc 





a 3 3a;-l 
A 2 x-1 


V 


-S^x^ +9x^ -&X + 1 


A 


[x-ir 



a 3 2x^+3:-! n. y -12x^ + nx^ -lOx+l r, 0^/a,r- f3 _ /T^ x{3x^ +4x^3) 

'A2 x^l ^ A (I^^Tp ^ -jVOX ^V2 ^j3Yp 

VQw -4^^ 2/3ct -2V3/3(t 

r-^^ -fV6- -fV6x 2^ 2^ -2V3ix 



-aa 



where now also a and a are functions of the basic parameters and obey (c.f. [22|), c.f. (|T0|) . 

S. Arranging the light MSSM Higgs doublets 

As in the case of the minimal model, m^ can be fixed from the zero-determinant condition which is necessary 
to arrange the pair of light MSSM-like Higgs doublets hu and h^- In the mass basis, these are also the only zero 
modes of this mass matrix while the orthogonal states correspond to the five heavy (typically GUT-scale) Higgs 
doublets Hi%...,H^;% 

Up to an overall normalization, the light Higgs doublets of the MSSM correspond to the following combinations 
of the defining basis states (using H"-'^ for the doublets within (l,2,2)io and so on, i.e. S"''^ £ (15,2,2)i26, 
s"''' e (15, 2, 2)i26, $" e (10, 2, 2)210, ^'^ e (To, 2, 2)210, ^"i;' e (1, 2, 2)120 and *^2;' e (15, 2, 2)120): 

K (X <o^"+«^f26^V^r26S" + ^^10<J>" + ^1o^*("l)+<io^*-2) 

h, ex zi;^oiJ'' + u;f26S'^ + «^^s' + i.2^o'i>' + ^«i^o^*(i) + ^1^0^ ^(2) (44) 

where the generic w^ factors stand for the numerical weights (or projections) of the various components of hu^d 
in the relevant 6-dimcnsional SM-doublet space. Recall that in order for the change of basis (jH]) to be unitary, the 
weights above should obey the normalization condition J2r I^r P = 1 fo'' each of the hypercharges. 

3. Projecting the MSSM Higgs doublets onto the defining MSGUT basis 

Defining a "decoupling parameter" r = m^/mq, which is a quantity that can trace the "strength of interaction" 
between the minimal model bidoublets residing in IOh, 126h © 126h and 210h, and the extra bidoublets within 
120h- (indeed, for m* — > 00 we get r ^ and the minimal model situation should be recovered) the relevant 



weight factors can be shown to obey the following formulae (up to an overall normalization): 
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'^i na — 
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u(2) 
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/3/3 



pa 

A 2 






Pi 



12 



-Pii+r\zkTPi2 



^2_X2 13 
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■2fl2 






.p9 



Pl2 
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W'210 



U(l)* 



1-1 ■ 



7,2 A 12 



7/3A2 ^13 






0^ 



J 1 ' 



pfc 



12 






—a; 






fa^ , all + ^pf 
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a/3/?' 



772 A3 



pn 

-'12 



r;A3 
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a/3 pp "M pq 
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and similarly in the down-sector: 



"10 — 



W 



126 



V— = 
126 ~ 



,,d* 



"210 



^d(l)* _ 
^120 — 



d(2)* _ 



Pii+r[^P^, + ^Pl, 



-f^ 11 



77A ^" A 

a^2 



0^pa 

7y2A2 13 
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TV 12 "' 2V 12 



2 52 



a/32/3 
7/3 A2 



■P3 
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a/3/3' 



pn 
3 X2 ^12 






TJ^X 



rj'^X 



P12 
P.' 



2X2^13 
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77^ A 77A 
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^3A2 
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772A2 13 

A2 



pf 
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7;A3 
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(46) 



where the P^ factors denote polynomials in x of order n that are given (in terms of their Z-irreducible components) 
in Tables U and HH 
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A^3 


-03Q5^(a;-lfa;(3a;-l) 




^l'3 


-3Qg(x-l)5x(a; + l)(2a;-l) 




^"3 


-Q§Q^(x-l)2a;(5a;2-l) 




Pl3 


-&Qi{x-l)x''{'ix-l) 




Pl'3 


-&Ql{x -l)x^{x + l){2x-l) 




A-3 


~GQlo{x~^)x^ 




Pw 


-^QlQiix-lfx^ix-l) 




A™ 


-iQlQlix- l)x^ (Sx^ -1) 




A"4 


-2QL{x ~ l)x\'ix ~ 1) 




^"4 


-GQrix - lfx^{x + 1)(22: - 1) 




Pl4 


-2Ql2X^ 




pd 


QlQ^x-lfx{3x-l) 




Ph 


SQIQU^ - if x(x + l){2x ~ 1) 




pf 


QaQiQU^-^> 





TABLE I: Table of the P^(x) polynomials used in the text in terms of their Z-irreducible components 



Consistency requires that in the limit r — > the minimal model situation should be recovered. Indeed, in such 
a case one obtains: 



^10 



^210 



-2Q3bQUx-lf, w^ 



V6-Q^Qlix-lf{3x-l) 



= ^T^QsbQ^ix - Ifx, 



u(l)+ ii(2)* 



W 



126 



VG-QUx ~ l)H2x' + X - 1) 



w 



-2QlQI{x 



w 



120 



W 



120 



0, 



d* 

-"126 



-a 



VG-QsQU^ - ^)\3x - 1), w^ = V6-QUx - if (2x2 + x - l) 



^210 



aa 
Xlo 



iQlix-lfx, wtg^ 



d(2)* 
"l20 



0, 



which is (up to an overall factor —Q^{x — if and signs we shall comment on below) identical to the minimal 
scenario relations, c.f. formulae (C18), (C19) in 22| in view of the comments given e.g. in [26|. We can also see 
that in such a case the 120h Higgs multiplet decouples as desired. 

Note on convention and phase factors: Notice that the phase convention used to derive formulae ()15p , ()45|) and 
(I46p has been chosen in such a way that the mass matrix is "optically simple" , i.e. with positive multiples of the 
superpotential mass terms on the diagonal and without explicit i-factors in the 5th and 6th rows and columns. 
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Qi 


a;^ + 2x - 1 


Q\ 


2a;^ - 5a; + 1 


Ql 


Zx^ + 4a; - 3 


Qi 


2x^ + 3a; - 3 


Ql 


Ix^ — 6a; + 1 



Ql 


x^ + 5a; - 1 


Q\ 


12j;^ - 17a;2 + 10a; - 1 


Ql 


4a;^ - 9a;2 + 9a; - 2 


Qi 


3a;3 + 5x2 + a; - 3 


Ql 


5a;^ + Gx^ - 9a; + 2 



Ql 


Ax^ + 5a;^ - 5x2 - a; + 1 


Q\ 


2x'' - 6x^ + 21x2 _ ;^g^ _^ 3 


Ql 


7x'^ - 5x^ + 6x2 - 5x + 1 


Qi 


13x'* + llx^ - 3x2 - 7x + 2 



Qt 


9x^ + 2Qx-^ - 32x^ + 21x2 _ 73. _^ ^ 


Ql 


14x'^ - ISx-* + 29x^ - 25x2 + 9x - 1 


Qi 


x^ - 8x^ - 2x^ - 3x2 + 8x - 2 


Qi 


x"^ - Ux* - 10x=* + 5x2 + 9x - 3 


Qi 


14x'^ + 30x'' - x^ - 15x2 - 3x + 3 


Qi 


5x'^ - Vlx^ + Sx^ + 11x2 _ 33. _ 1 



Q% 


Ix^ - 23x^5 + lOx'' + 47x3 - 38x2 + 4^;. + 1 


Q? 


12x^ + 36x'' - 74x5 _^ g4^4 _ ^^^3 ^ 25x2 - 8x + 1 


Q\ 


40x^ - 37x'' + 69x-5 - 39x'' - 2x^ - 3x2 _,^ 5^^^ _ 1 


0? 


18x^ + 4x« - 147x5 + 181x'' - 114x=* + 60x2 _ 21x + 3 


Qi 


18x^ + llx" - 142x5 ^ ;^57^4 _ ^Q2^3 ^ g;^^2 „ 22x + 3 


Q? 


13x^ - 49x'' - 30x5 ^ -^23x'' + 34x3 _ ^^^2 j^x\x^-2 



360x* - 1342x^ + 2702x'' - 3417x5 + 2967x'* - leeOx^ + 528x2 - 77x + 3 
54x* - 170x'^ + 387x^ - 441x5 _^ 474^4 _ ggg^s _^ -^33^2 _ 35^: + 2 
128x** - 548x'^ + 767x'' - 341x5 _ jUx'' + 286x3 - 115x2 + 19x - 1 
12x** + 44x^ - 245x^ + 195x5 - 33x'^ 



Ql 

Q\ 
Ql 
Qi 
Ql 



.3 . -inc^s 00^4 i0a;3 + 9x2 - 5x + 1 



18x'* + 21x^ - 91x'5 + 261x5 - 307x'' + 191x3 - 81x2 + 23x - 3 



Ql 

Ql 
Qi 



210x'' - 128x* - 173x^ + 127x'' + 337x5 _ 5gg^4 ^ ^q^^s _ ^35^2 _^ 21x - 1 
84x'' - 303x* + 500x'' - 529x*' + 222x5 _^ ;^;^g^4 _ -^74^3 ^ g-^^2 _ igx + 1 
48x^ - 6x* + 50x^ + 63x^ - 172x5 + 79x* + 30x3 _ 39^2 ^_ i2x - 1 
30x^ - 108x* + 63x^ + 3x'' - 29x5 + 87x'' - 155x3 + 97x2 _ ji^. + 1 



171x^'' + 315x^ - 1380x* + 2340x^ - 2631x^ + 2176x5 - 1335x* + 572x3 
,.9 , ifi^s 287x'^ + 757x® - 1025x5 + 883x'' - 537x3 + 219x2 



Qio 
Qio 
Qio 



72x"' + 12x8 _^_ ;^g^8 



270x^'^ + 



186x"' - 394x8 ^ 



762x8 _ 13773.8 ^ 1143.7 ^ i42ga;6 _ i54ga; 



- 864x* 



152x2 + 21x - 1 
51x + 5 
338x3 j^ gg^2 _ ig^; + 1 



605x* - 670x'' + 428x® + 422x5 _ giQ^4 ^ ^gg^3 _ 150^2 _^ 28x - 3 



Qii 



252x" + 483x^'' - 4456x8 + 7239x* - 4462x'' - 226x'* + 1958x5 - 1294x'' + 482x3 - 121x2 _^ ig^ _ 1 



1674x^2 ^_ 2766x" - 9449x^" + 8532x8 _ 2121x'* - 2040x'^ + 2826x'' - 2908x5 + 2460x'' - 1302x3 + 383x2 _ gg^ _^ 3 



TABLE II: Tables of Z-irreducible polynomials Q^ used in the definitions of polynomials P^ in Table [ 



This is also the reason why we have got some of the signs in (|47l) different from those in the corresponding formulae 



221 (notice in particular the extra minus sign at the 44 position of the relevant mass matrix in there). As 



far as only the mass matrices are concerned, this has, of course, no physical significance and the physical spectra 
remain intact. One must, however, pay attention to these effects upon getting to the interaction vertices, which 
are of course sensitive to the particular choice of phases in (|15|) and (|44|) . This, in particular, is relevant for the 
matching of the "microscopic theory" (i.e. the S0{1Q) model) onto the effective Yukawa sector sum-rules, that 
shall be studied thoroughly in the next section. 



C. Matching NMSGUT to the Yukawa sector of the MSSM 



1. Note on phases & eonventions 



Let us now focus on the form of the effective Yukawa sum-rules in the specific convention adopted in this study, 
which leads in particular to an "optically simple" form of (not only) the doublet mass matrix (jisp . It is important 
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to notice that the would-be simpie-mindea identihcation v^q = w^^ Wu,d, v-^ = Wj^ v^^d, ^120 = ^120 "'^".^ 
and u]'2o = ""^120 ^^u,d is contrived because of its convention-dependence. Indeed, changing for instance the 
convention in such a way that the symbol ^/\n would be instead used for what we would call — ^n) in the original 
convention (which, being a phase transformation, would be as good basis vector as the original one), the functional 
dependence of the corresponding io"20 weight factor on the "microscopic" parameters {x, r, a . . .) in the new 
convention would get an extra minus sign with respect to the form given in formula ()45p . Such a change, however, 
should lead to a change of the relative sign of terms in the square bracket in the first two equations in (|43p . 
which can not be absorbed into a redefinition of the Yukawa matrix"^. Apart from the phases, there could also be 
Clebsch- Gordon coefficients popping-up in the matching. Note also that this is a general issue of any matching 
between an effective and a "microscopic" theory. 

Therefore, in order for the information provided in this analysis to be self-contained and verifiable, the matching 
conditions should be carefully inspected and all the utilized conventions have to be fully specify. That is also why 
we have devoted a significant portion of Section (jivp to the detailed specification of the relevant SM eigenvectors. 



2. Breaking 5(7(3)^ ® SU{2)l ® C/(l)y down to SUi3)c ® U{1)q 

a. Doublet VEVs: 
Let us define the projections of the electroweak doublet VEVs onto the neutral components of the relevant defining 
basis doublets W''^, S ' , ^^^ and ^^2) ^^ follows: 

(ff")^^", /e"Wuiw, /vp^AEE^r^^) /*- \ = „«(2) 



10: \^/="T26' ^"^(1)/ ="120 ' \'^{2))=UlW^ 
d\ — „,d /-^''■\ — „.d Ls.d \ _ „,d{\ 



{H^)^uf,, (r)^z.^, {^f,))^uZ>, {^U)^<2o'- (47) 

The main virtue of this definition is that these factors are indeed simple functions of the decomposition weights in 
(|^ and the VEVs w„ and Vd of the MSSM light Higgs doublets {{hu.d) = Vu,d), namely: 

u u* u u* «(1) m(1)* j m(2) «(2)* 

UiQ — WlQVu^ Uj^g' — ■^Y26^"' ^120 "^^120 ^" ^'^^ ^120 "^^120 ^" 
d d* d d* d(l) d(l)* , d(2) d(2)* ,.„■, 

Uio^w^QVd, Uj^ = Wj^Vd, Ui^o =^120 '"d and u^20 ^ w^^q' Vd (48) 



and thus, given the relevant MSSM doublet weight factors in formulae (145^ and (I46p . can be readily computed from 
the underlying theory. 

In order to be fully specific, let us also note that in our convention the electroweak doublet VEVs (|47l) are spread 
over the following components of the defining SO{10) tensors ^: 

(H,) = -^{uio - <o), (Hi) = -^{ufo + <o) 

(Si2356) = (Si2378) = (Si239o) = ^-^("T26 ^ "Tm)' (^12456) = (Si2478) = (Si249o) = ^"^ ("T26 + ""Tm) ' 

j I 

{^35678) = \S35690) — \S37890) — ~ ^7^ ("126 + ""fse^ ' (^45678) — (S45690) = (^47890/ = ^ 7"/^ ("T26 ^ "fse) ' 

(*123) = ^{Uig^ - u;g\ (^124) = -^i<gJ + <th (49) 

(*356) = (*378) = (*390) = -^(4o^ " ^20^ (*456) - (*478) = (*49o) = ^(4o^ + u\^), 



^ The complex conjugation comes from the need to rewrite the defining basis fields (entering the Yukawa interactions in Wy) in 

terms of the mass eigenstates (that develop the electoroweak VEVs in the zero-mode direction) and the requirement of unitarity of 

transformation 1144 l l. 
^ This, however, does not mean that there is no mapping between the entire parametric spaces of the original convention and the new 

one accounting for such a change, but (even if existed) it could be far from trivial to find. Furthermore, the problem gets even more 

serious when the change would be promoted to other sectors of the model. 
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This information shall be used later on in Section FVl C 3l when it conies to the derivation of the matching conditions 
for the effective sum-rule VEV factors v^ in (|^5)l in terms of the u^ symbols fixing our convention for the neutral 
components of the defining basis SU{2)l doublets (|T7)) . 

b. Induced SU (2) l -triplet VEV: 
Apart from the SU{2)l doublet VEVs, there is a pair of VEVs relevant for the Majorana sector of the model, 
namely those of the colourless SU{2)l singlet A^j corresponding to the neutral component of the SU{2)ji triplet 
Aji = (10, 1,3)y26 (t^i^ VEV is actually responsible for the SU{2)ji (g) U{1)b~l -^ U{1)y breakdown) and the 
colourless SU{2)l triplet A" residing in A^ = (10,3, 1)y26- Denoting the former by 

(A?j) ^ Uh (50) 

(which is just a more "physical" notation for ct; indeed, as one can see from ([8|) these symbols are equivalent and 
we use the latter only for sake of clarity''). Vanishing of the GUT-scale F-terms then requires a non-zero VEV to 
be induced on'"^ A° : 

(A"i) EE lUL. (51) 



In particular, the relevant formula reads (c.f. for example 18[) : 






'7^s + »y(3a — p) 



(aul, - VQmhE) + 2/? (<io^ + ^vl!^)] (52) 



where, as in the case of the other doublets (1^5]) . W210 = W2ioVu and the relevant weight factor is given in formula 
(H5)) . Note also that if 120h decouples (i.e. for (3^0) this formula is reduced (up to the minus sign in the 



second term corresponding to a different convention being used) to the minimal model result given in [l8|. It is 



remarkable that both factors, i.e. the minimal model contribution ex auxo ^ ^6771^^ as well as the extra piece 
due to 120h proportional to ^"20 + "v/Sw^jq share a common feature that the Clebsch-Gordon coefhcients therein 
exactly cancel the overall constants in the relevant weight factors and the resulting polynomials admit for a great 
further simplification, which can be viewed as an indication of consistency of our results. 

As before, to be fully explicit, let us remark that the B — L breaking VEVs Ur and ul from ([50| and ([STjl are 
spread over the following components of the relevant 5*0(10) tensors: 

— (S12379) — (Si2381o) = \Si367o) = (Si3689)=« (S14579) = —i (Ei458o) = — i (Si467o) = — * (^14689/ = —7= " 

[uL + Ur) 
4^/2 ' 

{uL - Ur) 



~ \S23570) — ^ (^23589/ — ~ (^23679/ — \S23680) — * \S24570) — * \S24589/— * (^24679/ — ^* (^24680/ 
i (S13570) = * (Si3589)=i (Ei3679) = — i (S13680) = (S14570) = (S14589) = (^14679/ = ^ (S14680) = 



4^2 



— i (S23579) — * (S23580)— i (S23670)— * (^23689) = ^ (S24579) — (S24580) — \S2467o) — (^24689) — J" /= • (53) 

3. Matching NMSGUT to the effective Yukawa sum-rules 

The rest of this section will be devoted to a derivation of the effective sum- rules of the form (H51) in terms of these 
VEVs and the identification of the "effective" Yukawa couplings lio, ^126 and Y120 in terms of the superpotential 
couplings /lo, /y26 and /120 in Wy, c.f. formula (|1^ . 



In what follows we shall use the method 



34| to work out the three relevant structures. In particular, we shall be 



using the embedding of the S'O(IO) spinorial matter multiplets into the tj}^ sector of [3Jj. Note that our convention 



* The capital letter is used to express the fact that unlike the triplet VEV u^ constrained by the p-paranieter of the SM to be well 

within 1 GeV region, the B — L breaking VEV of the SU{2)ji triplet is typically around the GUT scale. 
^ The convenience of the extra i in the definition II51I I shall become obvious from what follows. 



23 

is such that the "colourless" indices {1, 2, 3, 4} used in this study correspond to the {7, 8, 9, 10} sector of Mohapatra 
and Sakita and similarly our {5, 6, 7, 8, 9, 10} indices can be identified with their {2, 1, 4, 3, 6, 5} sector. With this 
at hand one can write the efi^ective MSSM matter mass terms in a generic form (suppressing the family indices): 

Cm = /io(V^;|Sr,|V^+) (iJ,) + ^^fy^{r+\BTj:,TkTiT,r,\^+) {%jkim) + ^fj^{r+\Br,T,rk\^+) (*,,fe) (54) 



where the B and Ti matrices as well as the bra's (V'^l and ket's \ip+) are defined in [3J|. 

a. SU {2) L- doublet VEVs & Dirac mass sum-rules: 
Working out the structure (|54p together with (I49p one first obtains the effective Dirac mass matrices in the form: 



Y^Vu = V2i/ioMio + 3^1/126^^ + V2ifi20 ythw + n/3u"^o J 

Ydv, = V2th,ui„ + ^ifrM4m - ^*/i20 ("^20^ + ;7f «m ) (55) 

Y^Vd = \/2J/ioMio-3^i/Y26^426-\/2i/i20 (ui20^ - V3Ul20^j . 

Denoting Yio = V2ifio, ^126 = Si/j^e/VS and Y120 = V2i/i20j the effective sum-rules in the notation (|43p can be 
then recovered provided: 

M _ « " = _ " "(1) — "(1) "(2) — _ -*■ "(2) 

^10 — ""-lO' ^T26 ~ ^T26' ^120 —""120 ' "^120 — /o^l20 ' 

,,d ^ yd d ^ d d(l) ^ d{l) d(2) ^ 1_ d(2) . . 

''lO — "lOi '^T26~ T26' 120 — "120' ''120 — /o"l20i K'^^ ) 



which, together with formula (|^5)l yields the desired matching between the weight factors given by formulae (|35 
and (I46p and the effective electroweak weight factors in (|43p in our convention. 



6. SU {2) L- singlet and triplet VEVs & Majorana masses: 
For sake of completeness let us present also the relevant Majorana sector matching formulae. After some tedium, 
equations ([55)1 and ([5^ yield: 

^m = li^^lfC-HlM + ]^{vLfC-H-I^VL + h.c. with M« = -4V2z/i26f/i? and M,^ = ^V2if^UL. (57) 

Note that due to the properties of fy^ the Majorana masses are indeed symmetric in the family space, as desired. 
Restoring the effective Yukawa couplings, the matching conditions for the effective VEV factors in the Majorana 
sector of P5)) read: 

VR = -2^/QUR and wl = 2\/6ul- (58) 



Note that these results correspond to those obtained previously in 18] combined with IT], |2J] and thus provide a 
further nontrivial consistency check of our calculation. 

D. Final remarks 

With all these results at hand, all the ingredients necessary for fitting the effective sum-rules (HH)) in the framework 
of the full-featured NMSGUT have been discussed. Indeed, matching conditions ([55)1 and ([55]) . when supplemented 
with the prescriptions (|50p and (15^ together with the translation tables (O and (pS)) and the explicit formulae for 
the weight factors (|45|) and (|46l) can be used to rewrite all the weight factors in (|43)) in terms of the "microscopic" 
parameters {XjTO*,?", Q;,a, 77, A,/3, /3,7,p}. 
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VII. CONCLUSIONS 

It has been shown several years ago that the rcnormahzable SUSY 5*0 (10) grand- unified model with the simplest 
potentially realistic Higgs sector spanned over the representations IOh, 126h ® 126h and 210h experiences severe 
difficulties in accommodating the low-energy Yukawa sector constraints stemming fi'om the observed patterns of 
the quark and lepton masses and mixing parameters. It was argued that the troubles emerge due to the antagonism 
between the need for a B — L breaking scale to be slightly suppressed relative to the GUT scale (which is vital 
in order to bring the type-I seesaw contribution to the neutrino masses into play) on one side and the significant 
difference between the second generation quark and lepton masses calling for essentially the opposite on the other. 

One of the most popular simple extensions of the minimal framework that could in principle resolve this issue 
consists in employing an extra 120-dimensional three-index antisymmetric tensor representation in the Higgs sector 
providing for a new contribution to the effective Yukawa sector sum-rules, thus relaxing the tight link between the 
seesaw scale and the second generation hierarchy. 

Due to the rather complicated structure of the Higgs sector, the key ingredient of any quantitative analysis of 
such kind of models is a thorough understanding of the relevant Higgs spectra and the corresponding Higgs mixing 
patterns. It is remarkable that even in the case of the minimal model (which was formulated at the beginning 
of 1980's) the mathematical complexity of the 472-dimcnsional Higgs sector did not admit for drawing reliable 
statements about the viability of the theory until a couple of years ago when the complete analysis of the IOh, 
126h ffi 126h and 210h Higgs sector was first published 22]. 

In the current paper we provided a very detailed and maximally self-contained analysis of the 592-dimensional 
Higgs potential of the ncxt-to minimal SUSY SO(IO) model (consisting of IOr, 126h © 126h, 210h and 120h 
multiplets) focusing on the effects of the extra 120h in the game. Since there are no extra Standard Model singlets 
in 120h the symmetry breaking pattern of the minimal model remains intact which, in turn, simplifies the analysis 
considerably and admits for adopting the useful notation of [22j for the case under consideration. 

In particular, all the GUT-scale Higgs sector mass matrices have been written in detail together with a thorough 
description of the basis states and the relevant conventions in each of the different SM sectors. Focusing subsequently 
on the sum-rules for the effective Yukawa sector emerging under the GUT-scale, and in particular to the masses of 
the matter fermions, the matching of all the relevant effective building blocks to the microscopic structure of the 
model was investigated. A set of nontrivial consistency checks was also provided: 1) in the limit of a decoupling 



120h all the mass matrices given in this study reduce to the minimal models structures of 23] (up to unphysical 
rearrangements) and 2) the 33 Goldstone modes were shown to be present in the Higgs sector spectra so that the 
proper Standard Model gauge structure emerges at low energies. 



Note added 



A day before finishing ver.l of this manuscript the author's attention was drawn to the preprint 35| where the 
relevant part of the next-to minimal SUSY SO{10) model has been previously studied from a similar perspective. 
As far as one can see through the jungle of different notation, normalization and conventions the results therein 
agree with those given in this study. Moreover, since the method we employed is different I believe that the 
current analysis is worth and does indeed provide a valuable and an independent survey of many of the crucial and 
technically rather demanding prerequisites of any numerical analysis of the NMSGUT scenario. Despite from that, 
there could still be a good case for even a further check of ours as well as Aulakh & Garg's results, in particular 
when it comes to the phases and matching(s). 

Apart from this, the current study is rather detailed on various aspects and we aimed onto making it maximally 
self-contained so that a careful and patient reader could potentially reproduce all the results with just the ingredients 
given here and in the 'canonical' MSGUT reference [22]. On top of that, some of the extra information provided 



in Sections IIVI and IVII and in particular in Sections |V] and in Appendix [X] does not have any counterpart in 35| , 
due to a different method used therein. 
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APPENDIX A: SU{3)c ® SU{2)l ® U{1)y COMPONENTS OF THE SO{W) TENSORS 

1. SU{3)c O SU{2)l (E> U{1)y content of 10, 126 © 126 and 210 of 30(10) 

The mapping of these 50(10) representations, in particular their submultiplets with definite Standard Model 
quantum numbers onto the defining bases Hi, T,ijkim, ^ijkim and ^ijki has been given in detail previously in 
the work |22l|. As an independent cross-check of these results we have repeated the analysis and our results 
entirely confirm those obtained in |22l |. up to different phase factors. These are, however, irrelevant as far as the 
decompositions are concerned^, but crucial once it comes to the interaction vertices. Thus, we shall not repeat all 
the lengthy prescriptions for relevant maps here, but rather comment on how an interested reader can translate 



the tables IV, V, VI and VII of [22| to conform the conventions used in this study. 



• 



First, the generic symbols [i,j, k, I] in tables IV and V of [24I correspond to $[i, j, fc, I] in our notation provided 

$[i, j, k,i] = ^ ($yfei - ^t]ik + ^ujk - *Hjfe + ••■); (Ai) 



similarly [i,j,k,l,Tn] of table VII of 2^ stand for the totally antisymmetrized combinations of the defining 
basis vectors of 126, i.e.: 

^[*i Jj k, I, m\ = (/-'ijklva ~ ^ijkrnl + ^ijrnkl ^ ^imjkl + • . -J (A2) 

V5! 
and [i] in table VI of 22] is our H[i\ = Hi. 

• The last columns of the tables IV, V, VI and VII in [23] contain the (parts of the) maps of the SM states 
with the quantum numbers specified in the respective first two columns (which can be easily translated to 
our {C^jT^jTg, B — L,C^,T^,C^,T.^) notation) in terms of the basic antisymmetric structures identified 
above. 

• The overall phase of this map (i.e. the overall phase of the coefficients in the third column of the relevant 
tables in [22]) is unphysical unless the interactions (and mass matrices ) are inspected. Our phase convention 
used upon deriving the mass matrices in this study is then specified by providing the phase factor of the first 
chunk of the map in the tables specifying the quantum numbers of the row and column states throughout 
Section EVl 



• The overall normalization factor is not displayed, but can be readily computed. 

As an example, let us consider the (0, 0,0, +2, |, — i, |, — i)2io submultiplet of (10, 2,2)210 contributing to the 
MSSM-like doublets with the mass matrix (jTS)) . This state corresponds to the first item of the (10, 2, 2) section of 
table V in 2^] ■ Applying the dictionary above and fixing the overall phase from the relevant table under the mass 
matrix ()15p we get for instance: 

1 
4 
(-i$[l,5,7,9]+$Jl,5,7,10]+$Jl,5,8,9] + i$Jl,5,8, 10] + $Jl,6,7,9]-l-i$Jl,6,7, 10] + i$Jl,6,8,9]-$Jl,6,8, 10] 

-$j2,5,7,9]-i$[2,5,7,10]-i$j2,5,8,9] + $j2,5,8, 10]-i$[2,6,7,9]+$[2,6,7,10]+$[2,6,8,9] + i$[2,6,8,10]) 



(0,0,0,+2,f,-i,|,-i)2io = 7X 



This is true unless the states under consideration belong to the same SM multiplet - in such a case their relative phase is fixed by 
the phase structure of the relevant simple roots. 
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which is the correct result^ conforming our phase and notation conventions. In a similar manner one can construct 
all the remaining maps^. 

2. SU{3)c ® SU{2)l ® U{1)y content of 120 of SO(IO) 

I — I 

The SM decomposition and the mapping of bases for 120 of SO{10) has not been provided in [22] though. 

Thus, in this section we shall give explicit decompositions of all the submultiplets of 120h that have been used in 
the text as a basis for the various mass matrices. We shall give just a representative of each of the sectors - an 
interested reader can obtain all the other weights within the multiplet under consideration from the simple roots 
of the relevant Lie-algebras. 

As before, we shall use the ^[i, j, k] symbols to represent the properly normalized totally antisymmetric combi- 
nation of the defining components of 120, i.e. 

^[i, j, k] = -^i'^^3k - **fcj + *jfc» - *j*fe + *fc^J - '^kJ^) (A3) 



The results are given in Table IIIIl The phase convention used therein is the same as the one used to derive the 
mass matrices in section ITVl 
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Pati-Salam origin 



(10,1,1)120 
(10,1,1)120 



(1,2,2)120 
(15,2,2)120 

(1,2,2)120 
(15,2,2)120 



(6,1,3)120 

(6, 1,3)120 

(10,1,1)120 
(6, 1,3)120 
(To, 1, 1)120 
(6, 1,3)120 
(6, 1,3)120 

(6, 1,3)120 



(15,2,2)120 
(15,2,2)120 
(15,2,2)120 
(15,2,2)120 



(6,3, 1)120 
(6,3, 1)120 



(15,2,2)120 
(15,2,2)120 



(10,1,1)120 
(To, 1, 1)120 



(C^TI, Ti, B-L,C^ Ti:,C'',Ti 



(0,0,0,-2,0,0,0,0)120 



(0,0,0, +2, 0,0, 0,0)120 



(0,0, 0,0, J, +2, 4, — 2)120 

(0,0,0,0,f,+i,|,-i)i2o 



(0,0,0,0,f,-i,|,+i)i2o 
(0,0,0,0,f,-i,|,+i)i2o 



(|.o.+:7f.+i.o,o,2,-i)i 



V3 

(I, 0,-^,-2, 0,0,2, +1)120 

(|,0,+^, +2,0, 0,0,0)120 
(1,0,+^, +2, 0,0,2,0)120 
(|, 0,-^,-2,0, 0,0,0)120 
(1,0,-^,-2,0, 0,2,0)120 
(|,0,+^, +2, 0,0,2, +1)120 

(1,0,-^,-2, 0,0,2,-1)120 



(1.0, +4 



_4 3 _, 1 3 _1^ 

v^' 3' 4' """2' 4' 2' 



(± r, ]_ I 4 3 _1 3 I 1\ 

^3' ' v^' 3'4' 2'4'' 2/120 



(i n. I 1_ _4 3 ,1 3 I IN 

^3''^V^' 3'4'^2'4''2''l 



(i n 1_ I 4 3 _j_ 3 _1\ 

^3'' v^'~'"3'4' 2'4' 2'' 120 



(|'0'+73'+f'2, 0,0,0)120 
(1,0,-;^, -2, 2, 0,0,0)120 



(3,-1,0,0 



,4, 2' 4' 2' 



(3,+l,0,0,|,+i,|,+i) 



(f,o,+^, -1,0,0,0,0)120 
(f,0,-^, +1,0, 0,0,0)120 



mapping onto the (antisymmetrized) defining basis 



-*[5, 7, 9] - i*[5, 7, 10] - i*[5, 8, 9] + *[5, 8, 10] 
-il-iG, 7, 9] + *[6, 7, 10] + *[6, 8, 9] + i*[6, 8, 10] 
-*[5, 7, 9] + i*[5, 7, 10] + i*[5, 8, 9] + *[5, 8, 10] 
+i1'[6, 7, 9] + ^[e, 7, 10] + *[6, 8, 9] - i*[6, 8, 10] 



-*[l,2,3]-i*[i,2,4] 
-*[3, 5, 6] - *[3, 7, 8] - *[3, 9, 10] 
i*[4, 5, 6] - i*[4, 7, 8] - i*[4, 9, 10] 

-*[l,2,3]+i*[l,2,4] 

-*[3, 5, 6] - *[3, 7, 8] - *[3, 9, 10] 

+i1'[4, 5, 6] + i*[4, 7, 8] + i*[4, 9, 10] 



-i^[l, 3, 9] - *[1, 3, 10] + *[1, 4, 9] - i*[l, 4, 10] 
+*[2, 3, 9] - i*[2, 3, 10] + i*[2, 4, 9] + *[2, 4, 10] 
j*[l, 3, 9] - *[1, 3, 10] + *[1, 4, 9] + i*[l, 4, 10] 
+*[2, 3, 9] + i*[2, 3, 10] - i*[2, 4, 9] + *[2, 4, 10] 
-*[5, 6, 9] + i*[5, 6, 10] - *[7, 8, 9] + i*[7, 8, 10] 
-*[1, 2, 9] + i*[l, 2, 10] - *[3, 4, 9] + i*[3, 4, 10] 
-*[5, 6, 9] - i*[5, 6, 10] - *[7, 8, 9] - i*[7, 8, 10] 
-*[1, 2, 9] - i*[l, 2, 10] - *[3, 4, 9] - ivE'p, 4, 10] 
+i*[l, 3, 9] + *[1, 3, 10] + *[1, 4, 9] - i*[l, 4, 10] 
+1'[2, 3, 9] - ivE'[2, 3, 10] - i*[2, 4, 9] - *[2, 4, 10] 
-i*[l, 3, 9] + *[1, 3, 10] + *[1, 4, 9] + i*[l, 4, 10] 
+1'[2, 3, 9] + ivE'[2, 3, 10] + i*[2, 4, 9] - *[2, 4, 10] 



-*[3, 5, 7] - i*[3, 5, 8] - i*[3, 6, 7] + *[3, 6, 8] 
-i*[4, 5, 7] + *[4, 5, 8] + *[4, 6, 7] + i*[4, 6, 8] 
-*[3, 5, 7] + i*[3, 5, 8] + i*[3, 6, 7] + *[3, 6, 8] 
+i*[4, 5, 7] + *[4, 5, 8] + *[4, 6, 7] - i*[4, 6, 8] 
-i*[l, 5, 7] + *[1, 5, 8] + *[1, 6, 7] + i*[l, 6, 8] 
-*[2, 5, 7] - i*[2, 5, 8] - i*[2, 6, 7] + *[2, 6, 8] 
j*[l, 5, 7] + *[1, 5, 8] + *[1, 6, 7] - i*[l, 6, 8] 
-*[2, 5, 7] + i*[2, 5, 8] + i*[2, 6, 7] + *[2, 6 



+i*[l, 2, 9] + *[1, 2, 10] - i*[3, 4, 9] - *[3, 4, 
-i*[l, 2, 9] + *[1, 2, 10] + i*[3, 4, 9] - *[3, 4, 



*[1, 5, 7] + i*[l, 5, 8] - i*[l, 6, 7] + *[1, 6, 8] 
+i*[2, 5, 7] - *[2, 5, 8] + *[2, 6, 7] + J*[2, 6 

*[1, 5, 7] - i*[l, 5, 8] + i*[l, 6, 7] + *[1, 6, 8] 
-i^[2, 5, 7] - *[2, 5, 8] + >]/[2, 6, 7] - i*[2, 6, 8] 



*[5, 7, 9] - i*[5, 7, 10] + j*[5, 8, 9] + *[5, 8, 
+i1'[6, 7, 9] + *[6, 7, 10] - *[6, 8, 9] + i*[6, 8 

*[5, 7, 9] + i*[5, 7, 10] - i*[5, 8, 9] + *[5, 8, 
-il-iO, 7, 9] + ^[e, 7, 10] - *[6, 8, 9] - i*[6, 8 



10] 
10] 



10] 

10] 
10] 

10] 



TABLE III: Mapping of the SM submultiplets of the three-index antisymmetric tensor of 50(10) onto the defining basis 
vectors. 



